INTRODUCTION
Spiroid gears, especially their flat variety, are often applied in rotary tables as mechanical reduction gears [1] , [3] to [6] and [11] . This increased application can be observed in a new generation of NC gear cutting machine tools [6] , [11] and [12] .
In a flat spiroid gear, a worm engages the wheel with face toothing. The tooth line depends on the worm direction (right hand or left hand worm) and the direction of inclination in the wheel (right hand or left hand direction) and it is a modified involute line:
• a shortened involute line in case of conformable directions, • an elongated involute line in case of opposite directions. It has been assumed that the worm profile in axial section is a straight line which enables the application of the same cutting edge (cutting insert) to machine the worm and the flat wheel [7] .
The face toothing of the flat spiroid gear should be formed with a tool of the profile and dimensions of the engaging worm. Such a tool, formed as a hob, is very expensive and has to be prepared for each individually designed worm [2] , [9] and [12] .
A much cheaper solution is a single edge cutting tool in the form of an insert made of sintered carbides with a profile equivalent to the worm tooth profile. The profile conformity should occur only in the range of the convolution intersection of the worm and the face toothing wheel. The same simple insert made of sintered carbides may be used to form both the worm and the wheel. Based on such an assumption, it is not necessary to define a pitch as the unit describing the measure of the tooth profile [7] and [12] .
TOOTH LINE EQUATION
The tooth line equation in the face section provided at the distance h 0 from the tool axis (see Fig. 1 ) was obtained in the following way:
• in a fixed coordinate system (x, y) with an origin located in the rotary table axis a parametric equation of the cutting edge track (spindle rotation angle φ is treated as the parameter) was determined, • the equation of this track was determined in a polar coordinate system (R y ,Φ) assuming as the origin the middle of the wheel (rotary  table axis) and a line connecting the middle of  the cutting edge profile with the table axis • by a variation of the x 0 two-parametric family of cutting edge tracks were obtained and then the searched tooth line was determined as the envelope of the twoparametric family curves. The track of the cutting tool edge in the rectangular coordinate system (x, y) with an origin in the middle of the rotary table may be described with the following parametric equations ( 
The equation of the other side track is obtained by applying a negative value of the profile angle α.
In a polar coordinate system (R y , Φ) (see Fig. 2 ), the set of equations can be obtained in the form: The second equation concerning the Φ value is composed of factors describing the place of the origin. The directions of the worm and the involute tooth line in the wheel are considered by coefficient k:
involute is obtained), 
After substitution Eqs. (4) and (5) into the determinant (3) it is possible to obtain the envelope condition:
Due to the compatibility of worm and tool dimensions, the modification depth is obtained in order to assure the correct engagement of the worm with the flat wheel of the spiroid gear.
The above mentioned dependencies were calculated assuming the exact representation of the tool cutting edge, without the consideration of displacements caused by system flexibility and cutting forces.
DETERMINATION OF THE TOOTH MODIFICATION DEPTH
As mentioned above, the tooth line of the flat wheel may be obtained as the elongated or shortened involute. The straight line of the cutting edge forms the useful part of the tooth line. Close to the generating circle (with radius R w , see Fig. 4 ) the concave tooth side may be formed by the round corner of the cutting edge. This part of the tooth cannot be engaged with the worm and is useless. According to the above model it possible to calculate the boundary radius of the tool profile applying the Eq.:
The depth of the tooth line modification was determined in the axial plane of the tool which is rectangular to the pitch plane of the flat wheel (see Fig. 3 .) The modification depth is the distance Δ between the track point of the tool cutting edge and the point of the tooth side in the flat wheel.
Fig. 3. Geometrical model for determining the depth of the modification value of the tooth line
The point A of the tooth side was determined as the envelope point in another tool position (point A located at the left side of the Fig.  3 ). The tool edge creating this point had the rake surface turned at the angle φ (see Fig. 1 ). The value of x hφ (see Fig. 3 ) is the algebraic sum of half of the tool edge track width and the displacement of the tooth line in indexing move while turning the tool at the angle φ:
and the angle Ψ is obtained from:
The modification depth Δ is determined in relation to x f (see Fig. 3 ) obtained from:
and then Δ is obtained from:
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and the boundary angle of tool rotation, applying the equation:
Fig. 5. Geometrical model for calculation of the boundary angle of the rotating tool that forms the tooth side surface with the straight line of the cutting edge
In the program for calculating the depth modification of the tooth line the following assumptions have been considered:
• tooth line is formed as the envelope of the cutting edge tracks when the envelope condition is fulfilled for the angle φ from the range -φ l ≤ φ ≤ + φ l , • tooth line is represented by point P of the tool profile when the condition of the envelope of the cutting edge tracks would demand elongation of the straight part of the cutting edge over point P; in such case it has been assumed that φ = φ l , and the representation of the round corner cutting edge was not calculated, as this part of the tooth side is not engaged with the worm. An algorithm of obtaining the depth modification needs multiple calculations of the envelope condition. The angle φ, when the envelope condition is fulfilled (this means W = 0), is obtained by applying the iterative method. This part of the program was treated as a separate procedure (see Fig. 6 ).
The tooth line modification depth Δ was calculated in the face cross-section at distance h 0 when the middle point of the cutting edge profile was located at the distance x 0 from the wheel axis (see Figs. 2 and 3) . The algorithm for calculating the modification depth is presented in Fig. 7 . By applying the positive value of the profile angle α for the concave side and the negative value for the convex side, it is possible to obtain the modification depth value for both tooth sides.
The proper value of the tool rotation angle φ was calculated by means of the iterative method when the envelope condition (see Eq. 6) was fulfilled. The following values of the angle
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φ were determined by means of Newton's secant method. In the first part of the algorithm (see Fig.  7 ) the iterative coefficient was determined. This coefficient is obtained as the quotient of angle φ increment and the increment of the polynomial value W (left side of Eq. 6) which is calculated in the neighbourhood of the zero value for W.
The range of angle φ (-φ l , +φ l ) was divided into 16 parts. For the following values of φ the W value was calculated and the antecedent value was marked as W 0 . The indicator showing the existence of the zero value in the investigated sub-range is the negative quotient W 0 /W. The method of calculating the value of the angle φ which fulfils the envelope condition is presented in the second part of the algorithm.
In case the tooth line is formed by the round corner of the cutting edge, it was assumed that the tooth line is the representation boundary point P tracks of the straight line cutting edge (see Fig. 5 ). In this case the boundary angle φ = φ l (positive or negative).
Fig. 8. Algorithm for calculating the tooth line modification depth of the flat wheel as the function of the nominal point distance line from the toothing axis
The graphical or numerical presentation of calculation results as the function Δ(x f ) is much easier when x f is treated as an independent value. In order to do this, the calculations presented in Fig. 7 should be repeated in an additional loop by means of a simple iterative method. The algorithm of these calculations is presented in Fig. 8 .
The range of the independent value X f was obtained by taking into consideration the possible engagement of the worm with the flat wheel teeth. This range is approximately the distance between points of intersection the worm axis with internal cylinder (with radius R i ) and the external cylinder (with radius R e ) of the flat wheel (see Fig. 9 ). Fig. 9 . The range of the independent value X f Based on the described algorithms a computer program was elaborated in order to calculate parameters of the flat spiroid gear and to illustrate tooth modification. Calculation results are presented in Fig. 10 with the gear applied in the rotary table FNd 320 s as an example.
The zero line of the modification depth (marked in Fig. 10 as "0") is created where the cutting edge track is tangential to the point located on the tool (worm) axis projection line that is projected on the surface of the investigated face cross section. In this point the worm lead angle (on the co-axial cylinder with radius h 0 ) is equal to the angle created by the normal to the tooth line with the projection of the worm (or tool) axis on the cross-section plane.
The distance X f (Δ = 0) of the zero modification depth line from the toothing axis is determined by the dependency:
The modification depth of the concave tooth side is much greater than the convex tooth side, so Fig. 11 shows the modification distribution on the concave tooth side (magnification 25:1) for the spiroid gear and for the numerical example shown in Fig. 10 . The nominal surface of the tooth side is shadowed.
The tooth side modification was determined as the difference between the worm tooth profile and the flat wheel in the worm axial plane that is rectangular to the pitch of the wheel. The modification depth of the convex tooth side surface is much smaller than the modification depth of the concave tooth side surface. The great values of modification occur close to the internal cylinder of the co-axial engagement. This is the position where the tooth line curvature increases and gets closer to the curvature of the cutting edge track in the face cross section of the wheel. This phenomenon as well as a smaller inclination angle of the edge point tracks on the co-axial cylinder with a diameter greater than the pitch diameter makes it possible to obtain that part of the tooth side which was machined with the round cutting edge corner. This small part of the tooth side surface in the neighborhood of the bottom of the tooth is presented in Fig. 11 by the broken line. The computer program and the illustration presented in Fig. 10 facilitate finding the proper geometrical parameters of the spiroid gear and then creating an illustration of the modified tooth side. The program is a very effective tool for designing flat spiroid gears.
METHODS OF FORMING FACE TOOTHINGS IN THE FLAT SPIROID GEAR WITH THE APPLICATION OF A SINGLE EDGE CUTTING TOOL
The method of forming the face toothing in a flat spiroid gear was elaborated by R. Grajdek [8] . The forming of large flat wheels with the single tool edge equivalent to the diameter of the mating worm needs an application of the long arbor with the cutting insert at the end of it.
The rigidity of such a system is very small and therefore in the author's investigations the face toothing was formed on an NC milling machine with the spindle axis inclined to the pitch plane of the wheel at an angle slightly smaller than the angle of the tooth profile. The diameter of the tool was calculated in such a way so as to obtain the curvature of the cutting edge track in the pitch plane (from the concave side) as almost equivalent to the curvature obtained by the cross-section of the worm thread with this pitch plane. Fig. 11 . Distribution of the modification depth on the concave tooth surface of the flat wheel applied in the spiroid gear. This is the spatial illustration of the calculation results presented in Fig. 10 The advantage of this method is the possibility of forming the wheels with any diameter and with a greater diameter of the tool arbor (greater than the diameter of the mating worm). Its disadvantage is the unilateral fixing of the tool arbor which significantly decreases the rigidity. The author's original proposal of the tool fixing is presented in Fig. 13 . The tool (insert) is fixed in the spindle and supported at the end of the arbor by the needle bearing mounted in a special body, which was fixed with the spindle box body.
The disc of the rotary table is coupled with the spindle of the NC milling machine by means of an electronic control system with the adder of indexing movement, and generating movement in such a way that the rotation of the disc (with the machined wheel) by one angular pitch is equivalent to:
• one rotation of the tool (indexing movement), • moving of the tool by one axial pitch (generating movement). [12] The tool axis is placed at the same position against the wheel as the worm in the gear. The feed moving is the relative moving of the tool spindle along its axis in rotary table co-ordinations. In reality the feed moving is performed by the rotary table and this is the first component of the generating movement. The second component is performed by the additional rotation of the disc (with the wheel).
This method enables obtaining the exact engagement of the wheel and the worm in the spiroid gear. This fact is the greatest advantage of the method presented.
CONCLUSIONS
In both methods of forming the face toothings for flat spiroid gears (see Fig. 12 approximate method, and Fig. 13 -exact method) modification depth values were determined as deviations against the theoretical involute profile.
Fig. 14. Deviations of the tooth line modification occurring by machining with the approximate method with the inclined tool axis
Theoretically this aspect is correct. Considering the practical aspects, it seems reasonable to accept as a master profile the profile obtained by machining with the ideal worm by means of an exact method with the tool axis parallel to the wheel plane. It was assumed that in this case modification deviations of the tooth line profile are equal to zero and then the engagement with the real worm should be expected as errorless. Considering the above assumptions in order to evaluate the compatibility of the demanded tooth line and the obtained tooth line according to the method with the inclined tool axis, the proper deviations were calculated. The deviation values for both sides of the tooth concave and convex are presented in Fig. 14 . Negative values prove a lack of contact between the worm and the wheel, but positive values demand the lapping process. Both methods were verified experimentally and implemented in the production [12] . 
